
 

Fundamental Theorems for Curves do Carmo 1 5

Question In general does the curvature R I IR

determine the curve x I R2 P b a e

completely up to rigid motions YEI

Fundamentaltheoremotplanecuri
Given a smooth function K I IR

I 4 I R2 pb a l
defined on the same I

S t ka Cs Kcs Vs C I

Moreover X is unique up to orientation preserving

rigid motions

Note The basic idea is that R 2 X but non linear

11
K I X x T x
x integrate integrate

ambiguity by Y A E t b integration constants



Pref I Existence

Fix so C I define Recall O k

0 s f k cu du
hence if we set unit vector

x s T s cos Ocs sinOCs

Integrating gives
s

x s f cosOctidt sinOctidt

Exercise Check is p b a l and Kcs k s
x

I Uniqueness

suppose B I R is another curve p b a l s t

Kpk Kcs Kats V SEI

Fix so C I Consider the Freenet frames

Tats Nys and Tfs Npcs

finals gneiss
rigidmotion

s so
so



I unique orientation preserving rigid motion

4 x A X t b

s t I 4 also B So match the point

2 A Tako Tx Iso
match the frame

A Npcs NpCso

Claim Yo x P
Consider f s I Tyoacs Tp s 12 se I

A Taco Tpcs 12
Differentiate in 5 applying Frenet equations

f ATL Tj ATa Tp
L A Kaha KpNp A Ta Tp

ka k kp k CA Na Np A Ta Tp
K CA Na A Ta C Np Tp

LANA Tp Np A Ta



Note o Np Tp o since Np 1 Tp
LA Na A Ta L Na Ta o

T
e AE Sok

LANA Tp L AJ Ta Tp
L JA Ta Tp i AJ JA

why
L TA Ta J Tp I i Je 5014

CA Tx Np i 5 1

Combining these calculations we have

f s o V SEI

Since f So o by the choice of 4 FCS o V SEI

Therefore

Yo d s Tyo Cs Tp s pCs V SEI

Integrating s and using 4 also P Cso

Yo x s p s Vs EI

This completes the proof
D



Application The only plane curves with K E constant

are straight lines and circles

k o k Ifb
depends on

orientation

Q what about space curves

Fundamental Theorem of Space Curves

Given smooth functions K T I B with k 0

there exists a space curve 2 I 1123 p.b.ae

St K k and T _I

Moreover 2 is unique up to orientation preserving

rigid motions of Ps3

Proof Fix So C I and any frame To No Bo of IRB

Consider the Frenet equations

k 1st order system
fits

TN f o Y
TN linear ODES

B
L B

given



By fundamental existence theorem of ODES

7 Solution TCS Ncs Bcs SEI to

with initial condition Tcg Ncgs Bcg To No Bo

Claim Tcs Ncs Best is a frame V SEI

Proof Define a 3 3 matrix

msn.fi iii c se

Known M So C SO 3 since To No Bo is a frame

Define Q M MT depends on SGI

Check Q satisfies the following ODE

f Q K Q Q K

Q so I

we can rewrite the Freenet equations C in

matrix form M KM

where K f is skew symmetric

KI K



Therefore

Q M M't M LM'T
K MMT 1M MTKT

K Q Q K

Note that Q s I is a solution to GX

By Fundamental uniqueness of ODES
it must be

the only solution So M MT I f s EI

By continuity det M I V SEI so MCs c SoCs

for all SE I This proves the claim

Now once we know

Tcs Ncs Best is a frame V SEI

We can integrate X T to obtain The rest of

the details and the uniqueness part are left as

an exercise

D



Some global theorems for plane curves do Carmo 1.7

Def't A plane curve a o L R2 is said to be

closed if Alk o d L for k 0 1,2

closed hot
closed

I.nu
214 2Co

simple if X is 1 1 except possibly at s L

simple not simple

a
a

self intersect

Examples

60

closed closed

simple simple



Theorem of Turning Tangents

For any simple closed curve 2 in IR which is

positively oriented ie N points inward

kiss ds 21T

a 1

Proof Let 0 s be the angle from the positive x axis

to the unit tangent Tcs d Cs where X

is p b a l

O CS k s

I
aF L o Jk Sl ds

7 O
L

It

21T
D

Remarks 1 If A is negatively oriented then

k s ds 2T
rotation
index

winding2 In general
if N is not simple then

k s ds 2am number


